We introduce and theoretically investigate a scheme for teleportation of two-frequency entangled optical images in which the quantum channel is formed by four-frequency multimode states, generated in a single nonlinear photonic crystal by coupled parametric interactions. We study in detail the performance of the scheme. Namely, we evaluate its fidelity and the spatial-frequency spectra of the quadrature components characterizing the deterioration of the entanglement in the initial images due to the teleportation process. We analyze the influence of the spatial bandwidth of entanglement on the fidelity of teleportation. We investigate the performance of the scheme both in the near and the far diffraction field. Our analysis suggests that bandwidth matching of the quantum channel field with that of the images is generally necessary for high-quality teleportation. We show that entangled images are more fragile and more difficult to teleport than their coherent counterparts.
INTRODUCTION
Entangled states play crucial role in quantum information science. Because of the nonlocal quantum correlations having no counterpart in classical physics the entanglement phenomenon has a huge potential for quantum information processing and communication: quantum cryptography, quantum error correction, quantum dense coding, and quantum computing. Quantum teleportation is one example of quantum communication protocols where information is transferred from one part to another by means of a shared entangled state between the parts together with the classical communication. The teleportation protocol was proposed initially for qubit systems by Bennett et al. [1] and later for continuous variables [2, 3] . To date, the experimental demonstration of teleportation was reported for single-photon polarization states [4] and singlemode coherent states [5] . Experimental realization of the unconditional entanglement swapping and teleportation of nonclassical continuous-variable states was reported in [6] and [7] , respectively.
Until recently, theoretical works on teleportation considered only single-spatial-mode fields. However, the use of spatial degrees of freedom in quantum information allows for a substantial increase in quantum data flow transmitted in parallel. Recently, a protocol for spatially multimode teleportation of coherent optical images has been proposed [8] and thoroughly analyzed [9, 10] .
Traditionally, teleportation protocols, in particular quantum imaging teleportation protocols, exploit the two-partite entanglement obtained in the parametric downconversion (PDC) process [11] [12] [13] [14] . To date, teleportation of optical images has been considered only for single optical images. Schemes for multiple-optical-image teleportation, based on independent PDCs, can also be suggested. However, when one needs to teleport images, having the carrier frequencies falling into the UV region, some difficulties occur. First, the maintenance of the phase reference between the parametric downconverters is quite a difficult task. Second, in order to generate entanglement between high-frequency modes, the traditional downconversion process might be of no use, because pumping frequency value falls into the absorption band of the nonlinear crystal. In this work we introduce a scheme for the teleportation of two-color entangled images, with one high-frequency and one low-frequency carrier. For this purpose, multimode quantum states, obtained from coupled parametric interactions, are used. Here by coupled parametric interactions we understand several three-wave parametric processes, having shared modes, that take place simultaneously in a single crystal. At present, there are a number of suggestions for producing multipartite entangled states by means of coupled nonlinear optical processes [15] [16] [17] [18] [19] .
Our scheme represents a unification of the teleportation scheme for coherent optical images [10] , with that for teleportation of entangled two-mode states [20] . The original feature of our scheme is that the spatially multimode quantum fields, used to set up a quantum channel, are obtained in a single specifically tailored nonlinear crystal.
We investigate in detail the capability of our scheme to preserve the entanglement in the input images at the output of the teleportation process. For this we calculate the spatialfrequency spectra of the output quadrature components and compare these with the spectra of the input quadratures. We also calculate the fidelity of our scheme.
The paper is organized as follows. Section 2 gives a brief introduction to quasi-phase-matching in inhomogeneous nonlinear crystals. In Section 3 we discuss spatially multimode entanglement of the fields in PDC. In Section 4 we study the coupled parametric interactions. Our teleportation protocol is described in Section 5. Section 6 is devoted to analysis of the performance of our scheme in the far diffraction zone. The quality of teleportation in the near diffraction zone is discussed in Section 7. We summarize our results in Section 8.
QUASI PHASE MATCHING OF PARAMETRIC PROCESSES
The PDC process is the most common source of entangled states in optics. The PDC is a three-wave nonlinear interaction in a medium with second-order nonlinearity when an intensive pump wave is transformed into two waves of lower frequencies, usually called the signal and idler waves. These three frequencies obey the following energy conservation law:
Here ω p , ω s , and ω i are the frequencies of the pump, signal, and idler waves, respectively. It is well known that for effective nonlinear interaction of optical waves, one has to fulfil the suitable phase-matching condition. We shall assume that the pump is a plane monochromatic wave propagating along the z axis, with the wave vector ⃗ k p k p ⃗ e z . In this case, the phase mismatch is equal to
where we have taken into account the multimode structure of PDC. Here ⃗q stands for the transverse component of the wave vector and Ω is the frequency detuning from the carrier frequencies of the signal and the idler waves. In nonlinear optics, the phase mismatch is usually compensated with the help of birefringence. However, the more flexible way for this compensation is by tailoring of nonlinear structures with a periodic modulation function. In the latter case, the mismatch is compensated by the reciprocal lattice vector. Such photonic nonlinear structures are usually called nonlinear photonic crystals (NPCs). Without loss of generality, we shall assume the quasi-phase-matching condition for the collinear interaction:
where g z ⃗g ⃗ e z is the reciprocal lattice vector projection onto the propagation direction z and m is the quasi-phase-matching order. The schematic vector diagram for the quasi-phasematched PDC is shown in Fig. 1(a) .
The NPC structure allows compensation simultaneously of only two phase mismatches at most. Therefore, when a larger number of simultaneous nonlinear processes take place, we need to use a more sophisticated photonic crystal design.
Recently, a new technique of such a design was proposed [21, 22] . Apart from the location of the absorption band, the crystals designed by this technique have no limitations on the number of simultaneous parametric processes. Because the modulation function in this technique is aperiodic, such nonlinear structures have been called aperiodic nonlinear photonic crystals (ANPCs).
In this work we consider a coupled parametric multiwave process that consists of three three-wave parametric interactions: one downconversion and two upconversion process, occurring in a single pump field:
The corresponding phase mismatches are Δk 1 ⃗q;
The possibility of realizing such five-frequency parametric interaction was demonstrated for the first time in [21, 22] . Here we assume that these parametric processes take place in an ANPC under exact quasi-phase-matching conditions: Δk j 0; 0 g jz (j 1, 2, 3).
SPATIALLY MULTIMODE ENTANGLEMENT IN PDC
In this section we shall remind the reader about the quantum properties of the spatially multimode fields generated in the PDC. For description of these fields, we shall use the spaceand time-dependent photon annihilation and creation operatorsÂ m ⃗ρ; t andÂ † m ⃗ρ; t. These operators obey the standard commutation relations
Â m ⃗ρ; t;Â m 0 ⃗ρ 0 ; t 0 0; (5) and are normalized so that hÂ † m ⃗ρ; tÂ m ⃗ρ; ti gives the intensity of the electromagnetic radiation, expressed in photons per cm 2 per second. Below we shall use the Fourier components of these operators in the frequency and spatialfrequency domain
The Fourier amplitudeâ m ⃗q; Ω has the meaning of the annihilation operator for the wave with frequency ω m Ω and transverse component ⃗q. These operators obey the commutation relations:
To simplify analysis, we shall use the undepleted-pump approximation and consider the pump field as a plane and monochromatic wave. Under these assumptions, the relations between the field operatorsâ m at the output of the crystal and the operatorsâ m0 at the input of the crystal are given by 
Let us note that such phase adjustment can be realized by placing compensating phase masks at the output of the crystal. It can be proved, for example, with the help of the Duan separability criterion [23] , that a pair of modes is entangled if the following inequality is satisfied:
The lower bound V x V y 0 corresponds to perfect entanglement. The upper bound is set by the EPR variance for a pair of independent coherent modes with the quadrature variances equal to 1 ∕ 2 in each quadrature. Assuming the coherent input state, the EPR variances at the output are given by
In Fig. 2 we have shown the EPR variances [Eq. (15)] as a function of the transverse component q for Ω 0. One can see from Fig. 2 that the spatial modes are well entangled within a certain bandwidth of low spatial frequencies. We shall estimate this bandwidth by the lowest spatial frequency q 0 where the EPR variances attains its classical limit of unity.
We obtain the value of q 0 as (see Appendix A)
where β PDC is the coupling strength of the PDC, proportional to the nonlinear susceptibility and the amplitude of the pump wave. As will be made clear in the following, in the near diffraction zone the bandwidth q 0 determines the coherence length of the PDC as δρ 2π ∕ q 0 .
COUPLED PARAMETRIC INTERACTIONS
We turn now to a description of the coupled nonlinear parametric processes (4) that will be used in teleportation of the two-color entangled images. Our analysis uses some previous results obtained for this kind of process [19] . Applications of the fields generated in these types of interactions, for teleportation of spatially single-mode two-color entangled states was discussed in [20] . Detailed analysis of the spatially multimode fields generated in coupled parametric processes was carried out in [24, 25] . The operator equations describing the evolution of the fields in the coupled parametric interaction [Eq. (4) ] are given by [24, 25] :
where we use the shorthand for the differential operator
Here Δ ⊥ is the transverse Laplacian: Δ ⊥ ∂ 2 ∕ ∂x 2 ∂ 2 ∕ ∂y 2 , A j ⃗ρ; t; z is the slowly varying annihilation operator at the carrier frequency ω j ; β ANPC and γ 1;2 are the coupling strengths for the downconversion and the upconversion processes, respectively; and k j nω j ω j ∕ c and u j ∂ω ∕ ∂kj ω j are the wavenumbers and the group velocities. Equation (17) is the operator counterparts of the classical equations, taking into account the diffraction and dispersion effects in the nonlinear media.
To solve the set of Eq. (17), we use the Fourier transform of the field operators:
We obtain the following equations for the Fourier amplitudesâ m ⃗q; Ω; z: 
where the coefficients
result from the diffraction and the dispersion effects in the media. We shall assume for simplicity jω 1 − ω 2 j ≪ ω p , jω 3 − ω 4 j ≪ ω p , so that the differences (ϵ 1 − ϵ 2 ) and (ϵ 3 − ϵ 4 ) can be neglected. We shall also assume that γ 1 γ 2 γ, that can be realized by the proper design of ANPC [21, 22] . Under these assumptions, we arrive at the following input-output operator relations:
Here Q mn Q mn ⃗q; Ω; z, m, n 1…4, are the transfer functions. The commutation relations impose the following symmetry properties on these functions:
The explicit form of these functions is presented in Appendix A. Because in this work we are interested mainly in the spatial degrees of freedom, in what follows we shall set Ω 0. This simplification is justified when the observation time τ is much longer than the coherence time of the quantum fields: τ ≫ τ coh 2π ∕ ΔΩ, where ΔΩ is the frequency bandwidth of the coupled parametric processes.
TELEPORTATION SCHEME
The optical scheme for teleportation of entangled optical images consideration is shown in Fig. 3 . In this scheme, Alice possesses entangled images that are represented by the spatially modulated fields of the signalâ s ⃗q and the idlerâ i ⃗q PDC modes (see Section 3). In order to teleport the quantum state of these fields to Bob, the spatially multimode fourfrequency fields, obtained in the coupled parametric process [Eq. (4)], are used as a quantum multimode channel. The coupled parametric interactions take place in the pump field of the fundamental laser with frequency ω p , while the PDC is pumped with its second harmonic. Because the spatial bandwidths of these two processes are generally different, we use a bandwidth matching device (BMD), which allows increasing the efficiency of the teleportation process. The BMD performs scaling of the spatial-frequency spectrum of the incoming field by a factor s and is assumed to add no noise. The role of the BMD can play a system of two lenses, having different focus lengths l 1 and l 2 , so that s l 1 ∕ l 2 , properly placed in the scheme.
Apart from these modifications, the teleportation algorithm for entangled optical images is similar to that for coherent images [9] . The field modesâ 1 ⃗q ∕ s andâ 4 ⃗q ∕ s are sent to Alice while the modes-â 2 ⃗q ∕ s andâ 3 ⃗q ∕ s-are sent to Bob. We assume that the frequencies ω s and ω i coincide with ω 2 and ω 3 , respectively. The modes are next combined on 50 ∕ 50 beam splitters BS 1 and BS 2 to obtain the following operators:
whereb sm ⃗q,b im ⃗q are the transformed fields in the signal (s) and idler (i) and m corresponds to the output port of the beam splitter (m 1, 2). Alice then performs spatially resolved quadrature measurements by means of homodyne detection. For this purpose, she uses multipixel arrays of photodetectors (like CCD cameras). As is well known, for experimental realization of the homodyne detection of optical fields, one has to have local oscillator (LO) fields with the phase firmly linked to the one of the optical fields to be measured. In our scheme, the coupled parametric interactions can be nondegenerate with respect to the polarization, when the modes of carrier frequencies ω 1 and ω 2 together with modes of ω 3 and ω 4 are orthogonal to each other. In this situation, the ANPC can be tailored in such a way that ω 1 ω 2 ω p ∕ 2, ω 3 ω 4 3ω p ∕ 2. Thus, for measurement and transformation of the optical fields, one intensive reference pumping field is required with the rest pumping fields obtained out of the reference one by means of the harmonic of subharmonic generation processes. Our estimations have shown that the ANPC made of lithiumniobate supports this type of interaction. We first assume that Alice performs measurements in the far diffraction zone, so that each pixel of the array measures a quadrature component averaged over a narrow band of spatial frequencies Δq, determined by the pixel size Δ. We shall assume that the images consist of many pixels; i.e., Δq ∕ q 0 ≪ 1. Thus, we have the following quadrature to be measured:
The arrays of the measurement outcomes [Eq. (23) ] are then communicated to Bob through the classical channels. Having these measurement outcomes, Bob transforms the modeŝ a 2 ⃗q ∕ s andâ 4 ⃗q ∕ s with respect to the measurements and, finally, arrives at the result, which can be expressed as follows:
being the noise contributions added to the signal and the idler images, respectively. It is well known that the performance of the teleportation schemes can be improved by introducing a nonunity gain. In the present paper, however, the gain is assumed to be unity. The influence of the gain on the teleportation quality will be investigated elsewhere.
Taking into account that the imagesâ in s;i ⃗q and the auxiliary fieldsâ j ⃗q are independent, we have
From Eq. (25) one can easily obtain the commutation relation for the noise operators:
proving the classical behavior of the added noise.
PERFORMANCE OF THE TELEPORTATION SCHEME IN THE FAR DIFFRACTION ZONE
In this section we shall evaluate the fidelity and the EPR variances of teleported fields in the far diffraction zone. We shall use the Wigner formalism for the Gaussian continuousvariable quantum states in which a quantum state is described by a Wigner quasiprobability distribution function. The Wigner function for a quantum state with a covariance matrix (CM) σ is given by
where ⃗ ξ x s ; y s ; x i ; y i is a row vector composed by the signal and the idler quadrature components. Note that we have chosen the normalization of the Wigner function in Eq. (28) such that R W j ⃗ ξ; ⃗qd ⃗ ξ 1. Using Eq. (8) and assuming the coherent state at the input of the teleportation scheme we can express the input CM as follows:
where σ coh is the coherent part of the input CM and σ ent ⃗q-the "entangled" part originated due to the PDC. The matrix σ coh is a diagonal matrix with nonzero elements equal to the quadrature variances for the coherent state, 1 ∕ 2 with our normalization. The calculation of σ ent ⃗q gives the following result:
where the matrices I and σ z are equal to
and ν ⃗q jV s q; 0j 2 . Next, using Eqs. (24), (25), (26), and (27), we can easily obtain the expression relating the input and output coherent matrices:
where σ N ⃗q is the noise matrix characterizing the noise added by the teleportation process. The noise matrix depends only on the auxiliary state and has the following form:
The matrix elements of the noise matrix are the EPR variances of the downconverted (V d ) and the upconverted (V u ) fields, and their cross-correlation (C): 
In order to quantify the performance of the teleportation protocol, it is conventional to use the fidelity parameter, defined as the overlap between the input and the output Wigner functions:
Given Eqs. (28) and (35) we arrive at the following result for the fidelity:
In addition to the fidelity, we shall qualify the performance of our teleportation scheme by comparing the input and output EPR variances of the quantum fields. The relation between these quantities can be obtained from Eqs. (32) and (34) as
where V in ⃗q, V out ⃗q are the EPR variances for the input and teleported images, respectively, ΔV ⃗q is the excess noise introduced by the teleportation process:
In the case of ideal teleportation, the excess noise vanishes and the entanglement of input images is preserved: V out ⃗q V in ⃗q. In this case, the fidelity becomes
In the latter expression, one can recognize the purity parameter equal to unity for the noiseless case.
The EPR variances of the teleported fields V out si ⃗q is shown in Fig. 4 for the case without BMD (thin lines), and with BMD (bold). Figure 4 illustrates the importance of spatialbandwidth matching in order to preserve the spatial properties of the entanglement in the input images: the bandwidth matching is achieved at s 2.0. It is worth mentioning that expanding the bandwidth of the auxiliary states even further results in teleportation quality improvement a bit more: in terms of the fidelity parameter-about 2%-3%. In turn, this leads to ineffectiveness of the well-entangled spatialbandwidth usage. Therefore, the bandwidth matching parameter value s 2.0 is optimal for the case presented in Fig. 4 .
The calculation of the fidelity (36) shows that F0 ≈ 0.7 for the parameters of Fig. 4(a) , and F0 ≈ 0.3 for the parameters of Fig. 4(b) .
PERFORMANCE OF THE SCHEME IN THE NEAR DIFFRACTION ZONE
Now we shall consider teleportation of entangled images in the near diffraction zone. This case is similar to teleportation of coherent images considered in Refs. [8, 9] . As explained in these references, the teleportation will never be local, "pointby-point" but always averaged over the area of a pixel in the photodetection array. Therefore, in order to quantify the performance of the scheme in this setup, we have to introduce a coarse-grained description, as in Refs. [8, 9] . We shall thus define the following coarse-grained operators of the output field:
with the analogous definition for the input field. Here ⃗ρ m is the transverse coordinate for the center of the mth pixel, S Δ 2 is the pixel area. The averaged field operators obey the standard commutation relations:
Using Eq. (24) and assuming ideal homodyne detection efficiency, the quadrature components of the teleported fields can be written aŝ
are the noise quadratures averaged over the area of the given pixel. Because spatial averaging does not change the Gaussian statistics of the fields, the coarse-grained fields are also completely described by their covariance matrices. The elements of the covariance matrices are found by using Eqs. (41), (42), (25) , and (26):
where the function
arises from the coarse-graining procedure, the cosine factors cos ⃗q ⃗ρ m − ⃗ρ n are due to the pixel arrangement structure in the pattern of interest. The covariances of the coarse-grained fields [Eq. (43)] can be rewritten in the following compact form:
Here ⊗ stands for the tensor product, P ⃗q is a matrix consisting of cos ⃗q ⃗ρ m − ⃗ρ n with a dimension equal to the number of pixels in the pattern. The input and the noise covariance matrices have the similar forms. In order to quantify the performance of our teleportation scheme in the near diffraction zone, we calculate the fidelity, obtained as the overlap of the respective Wigner functions. The Wigner functions of the coarse-grained fields are defined similar to Eq. (28):
where ⃗ ξ x s1 ; y s1 ; …; x sN ; y sN ; x i1 ; y i1 ; …; x iN ; y iN is a row vector of coarse-grained quadrature variables and N is the number of pixels in the detector pattern. Because the dimension of the phase space is now increased by N in comparison with Eq. (35), we find it appropriate to scale the fidelity as follows:
In order to justify this definition, let us assume that we would like to teleport an image consisting of N pixels, and that the fidelity of teleportation for each pixel is equal to 1 − ϵ, ϵ ≪ 1; i.e., it is very close to unity. In the absence of the power 1 ∕ N in Eq. (47), the fidelity for teleportation of a whole image, would scale as 1 − ϵ N → 0 for N → ∞. Using the definition of Eq. (47), we obtain the following expression for the fidelity:
In Fig. 5 we have shown the fidelity dependence of the pixel size for the pattern of four pixels in the case of (a) coherent images and (b) entangled images on the input. The shape of the pattern is shown at the right of the curves (a). The solid and dashed curves correspond to observation with and without the bandwidth matching, respectively. Because of the large amount of computational power required, each curve was calculated for 15 values of the ratio Δ ∕ δρ, which is why the curves in Fig. 5 seems slightly rugged. As follows from Fig. 5 , the teleportation quality in the near field can be significantly increased by the bandwidth-matching procedure. For a small pixel size, Δ ∕ δρ ≪ 1, all curves attain the classical limit F 1 ∕ 4. This behavior can be understood as follows. At small pixel sizes, each pixel detects a field of bandwidths that exceed the one of the initial images, thereby the high spatialfrequency modes, having negligible amount of entanglement, dominate in the measured quantities. Thus, in the limiting case Δ → 0, the fidelity parameter does not depend on the amount of entanglement either of the initial images or the auxiliary states. The fidelity value F 1 ∕ 4 is the classical limit of the teleportation fidelity, which is due to the dominant contribution of the high spatial-frequency modes. For a large pixel size, Δ ∕ δρ ≫ 1, the curves tend to the limit, which depends on the degree of entanglement both in the quantum multimode channel and in the input images. Figure 5 suggests that entangled images are more fragile and more difficult to teleport than their coherent counterparts. In order to achieve the same fidelity for teleportation of entangled and coherent images, one has to use a higher degree of entanglement in the multimode quantum channel for the entangled input images.
In order to analyze the capability of the scheme to preserve entanglement between pixels of images, the coarse-grained EPR variances can be readily obtained from Eq. (45):
In Fig. 6 the EPR variances [Eq. (49)] for pixels of the input images, coherent and entangled, in dependence on the ratio Δ ∕ δρ are shown. The decrease of the EPR variances with the increase of pixel size is due to the diminishing role of the high-spatial-frequency modes. From Fig. 6 , it follows that the coarse-grained near-field EPR variances for the images Fig. 5 . Fidelity of holographic teleportation as a function of Δ ∕ δρ for the case of (a) coherent images (z PDC 0) and (b) entangled images (z PDC 1), for the pattern of four pixels shown on the right side of (a) (δρ 2π ∕ q 0 ). The dashed curves correspond to the case without BMD, and the solid curves correspond to the case with bandwidth matching. All parameters are the same as in Fig. 4 . generated in the course of PDC are less than unity, suggesting the presence of entanglement at any pixel sizes.
In Fig. 7 we have shown the EPR variances for the teleported images in the case of (a) coherent and (b) entangled input images. As can be seen from Fig. 7(b) , at small pixel sizes entanglement between images is completely deteriorated: V gr out > 1, for the reason stated above in consideration of the fidelity parameter. In the limiting case Δ → 0, the EPR variances of the teleported fields attain a value of 3, which arise due to the net influence of the high-spatial-frequency modes of the initial images field, fields of the down-and upconverted modes of the quantum multimode channel. In contrast, at pixel sizes greater than certain values, such that Δ ≈ δρ, the EPR variances V gr out < 1, suggesting entangled teleported images. Figure 7 also suggests that the bandwidth matching significantly improves the performance of the teleportation scheme in terms of entanglement preservation.
CONCLUSION
In this paper we have analyzed the holographic teleportation of two-frequency entangled optical images in the near and far diffraction zone. The four-frequency multimode states, needed for teleportation, are generated in a single aperiodic NBC by coupled parametric interactions. Because in general the spatial bandwidth of entanglement in the input images and in the multimode quantum channel is different, we have introduced a BMD in our scheme in order to optimize its performance. The main result of our paper is that entangled images are more fragile and more difficult to teleport than the coherent images. This result is intuitively clear as it corresponds to a general behavior of nonclassical states of light, both single-and multimode.
Let us mention that an alternative teleportation scheme can be proposed with two PDC processes for generation of the multimode quantum channel. However, our protocol with parametric coupled interactions used for generation of spatially multimode entangled states has some advantages, in particular, it is more compact and is able to teleport UV-frequency images. Fig. 6 . EPR variances for two corresponding pixels of the initial images as a function of Δ ∕ δρ for the case of entangled (z PDC 1 cm) and coherent images (z PDC 0). All the parameters are the same as in Fig. 2 . Fig. 7 . EPR variances for two corresponding pixels of the teleported images as a function of Δ ∕ δρ for the case of (a) coherent images (z PDC 0) and (b) entangled images (z PDC 1 cm). The dashed curves correspond to the case without BMD, and the solid curves correspond to the case with bandwidth matching. All the parameters are the same as in Fig. 2. are the increments and C j coshΓ j z, S j sinhΓ j z, (j 1, 2) .
The other transfer functions are given by the following relations:
